I. INTRODUCTION
Investors have different beliefs and opinions on how the market will play out in the future and how will they allocate their wealth. With their own views, they invest rationally according to sound technical analysis but more often than not they invest irrationally. Most investors tend to have their biases when allocating funds to investments. Some tend to follow the majority (herding behavior), some tend to over/under weight available market information (under/over-reaction), some see certain information (e.g. high book value, etc.) as signs (representativeness) of good investments, some tend to willingly invest their initial profits no matter the risk involve for a chance to earn more (house money effect), some tend to hold on to losers and realize winners quickly (disposition effect) and some have other tendencies like loss aversion or prospect theory, mental accounting, and so on. These tendencies have been heavily researched and are being studied by researchers which directly contradict the efficient market theory. Below are some of the studies about irrational behavior s and biases that are prevalent among investors.
Hot hand belief is the belief that a basketball shot made is more likely to go in if the previous shots also went in. [1] challenge this belief by studying professional basketball players and showed that the outcome of a shot is independent of the previous shots. [2] associated the hot hand belief in the tendency of investors to create trends even though in reality they do not exist. They discussed that wrong beliefs in basketball does not affect the next result, but wrong beliefs in stock markets, may influence the demand/supply for the stocks, which in turn affects the next asset prices.
Representativeness bias is the tendency of over-reliance to stereotypes or past events of similar environments. [3] explored a heuristic model for representativeness to which the subjective probability of an event, a sample, is determined by the degree of similarities in essential characteristics and features to its parent population. They demonstrated the representative heuristic show predictable and systematic errors in the evaluation of uncertain events. [4] asked specific people with representative bias which showed the disregard to prior probabilities when they were informed of similar events, but used the prior probabilities when they are not informed. [5] studied the relationship of the liked super bowl commercials to higher stock returns and found evidence of representative bias. [6] analyzed the Tunisian Stock Market and observed weak evidence of representative bias. [7] also analyzed the Tunisian Market and observed that representativeness bias is one of the many biases that influence the Tunisian investors in their decision making processes.
Over-confidence translates to too much belief in one's trading skill. [8] argued that over-confidence can explain high trading levels and the resulting poor performance among individual investors in U.S.A in the year 1991-1996. [9] observed that over-confident investors trade too much. They found out that among singles, men are more overconfident than women. This over-confidence exposes men to below average returns which are the result from excessive trading. In support to their initial findings that over-confident investors tend to be trading excessively, [10] analyzed the behavior of investors who shifted from phone trading to online trading and found out similar trend for over-confident investors. They reason that the shift to online trading allows investors to have wider access to information which makes the already over-confident investors to be more over-confident. [11] also showed evidences of over-confidence among investors. [12] investigates the link between the lack of consumer confidence and stock returns during market fluctuations and found out the lack of consumer confidence leads to higher probability of switching to a bear market regime. [13] found out that people believe that professional stock investors are more rational and over-confident than naï ve investors.
Over / under -reaction is the tendency of individuals to over and under reaction to recent information. [14] showed evidence of over-reaction in a specific market with the findings that losers experience exceptionally large January returns after portfolio formation compared to winners. [15] further provided support for the existence of over-reaction as they studied the seasonal pattern of the returns which yielded similar findings that past losers significantly outperform past winners. [16] argued that over-reaction is as common as under-reaction, and that these anomalies are chance results.
Disposition Effect is the tendency of an investor to avoid loss and realize profit. [17] first coined the disposition effect wherein investors sell winners too early and hold losers too long. In support for the disposition effect, [18] provided evidence that overwhelmingly supports the disposition effect as determinant of year-end volume and volume levels throughout the year. [19] found out that professional investors and individual investors exhibit the disposition effect, although the effect is stronger for independent investors. [20] studied the prevalence of disposition effect at the Australian market and found out that it is more prevalent in investors of Chinese background, women, and older investors. They used frequent trading, round size trading heuristics, and the investor's level of diversification to predict the disposition effect.
These studies not only show that irrational behaviors exist among investors but also show that they affect the movement of the market and the underlying stocks within it. In this study, we determine how irrational behaviors affect individual stock returns, and then use the extra information to obtain an investor's optimal portfolio. The challenge will be similar to [21] on building superior portfolio based on the pricing distortions created by the collective emotional behavior of investors. Analyzing the available definitions of irrational behaviors, operational definitions (ODs) can be defined to detect which stocks are significantly affected by such biases. Detection can start by identifying the cause/trigger of the behavior, then determining the expected result or effect. The time before the effect will take place is also an important consideration as well as the likelihood of the effect to occur. The resulting cause -effect -time-to-effectlikelihood-of-effect pattern will be very useful information for any investor which they can exploit for their portfolio optimization problem. Those stocks that exhibit the pattern are considered behavioral stocks that we call b-stocks. The likelihood-of-effect can also be considered in the weighting of future return scenarios to improve the available SP/A weighting functions and Prospect Theory-PT of [22] and [23] , respectively, which will be embedded in the proposed optimization model. SP/A revolves around how fear and hope levels dictates the decision made by an individual, while PT revolves around the notion that investors value losses more compared to gains. Meaning in similar value of gain/loss, the individual will be much more troubled by the loss than he/she will be happy about the gains. PT was further improved by [24] into cumulative prospect theory where uncertainty is now treated cumulatively. [25] compared SP/A and CPT and claimed that SP/A is more suitable in modeling investment decision making in viewing the relation between descriptive and normative theories of risky choice. In this study, we consider SP/A and the likelihood-of-effect of the b-stock in our weighting function which we embed in our proposed optimization model.
In summary, this study will focus on the over-reaction and disposition effect b-stocks. The ODs for the said biases will be defined and the extra information will be exploited to obtain individual investors' optimal portfolios. Accordingly, we developed a portfolio optimization model that provides a procedure that will show how the extra information on b-stocks can be used to have a profitable portfolio. The resulting portfolio is compared to benchmarks like mean-variance model portfolio and the market portfolio.
The remainder of this paper is organized as follows. In Section II, discussions revolve on the ODs of over-reaction and disposition effect b-stocks, the investment pool considered and the portfolio model used to obtain the optimal portfolios. In Section III, description of the data used and how it is analyzed and interpreted the empirical results are presented. In Section IV, the conclusion, the contribution, and the possible future extension of the study are stated.
II. METHODOLOGY
In this study, we consider a daily investment in stock portfolios. We identify the daily investment pool composed of B-stocks from the initial pool of the 888 stocks in TWSE. Accordingly, we narrow it down twice to have our big and small pool of B-stocks. The procedure is discussed in the succeeding subsections.
A. Operational Definition (OD)
In this study we focus on over-reaction b-stocks and disposition effect b-stocks. The ODs are identified through the cause -effect -time-to-effect -likelihood-of-effect relationship of each stock. The cause is the trigger or the start of the behavior usually will depend on the bias, the favorable effect is to have a positive return (atleast 1% cumulative abnormal return), the time-to-effect is the time until the effect will likely occur, and the likelihood-of-effect is the probability that effect will take place after the time-to-effect.
Similar with [26] and following the description of [27] and [28] for over-reaction, the OD for over-reaction is define as "a large positive (negative) price movement followed by a high negative (positive) cumulative abnormal return, is the summation of the abnormal returns, , for the desired number of time periods (time-to-effect) to be tested such that where is the abnormal return at time , such that , and since the daily risk-free rate, is close to 0, for our preliminary test, we rewrite the abnormal return as , where ( ) is the return rate of stock (market) at time and is the beta of stock at time .
Following the description of [29] for disposition effect, the OD for the disposition effect starts with "the tendency of investors to sell winning stocks too soon and hold losing stocks too long". Accordingly, selling winning stocks too soon will cause high trading volume while holding the losing stocks too long will cause low trading volume. With reference to the works of [30] and [18] 
We use the cumulative return rate and abnormal volume to view the price and volume movement respectively. The cumulative return rate is calculated as 1, where is the return of stock at time . While the abnormal volume is defined as . The abnormal volume is derived from the relationship of the relative raw volume of stock and the relative raw volume of the market by regression model, , where ( ) is the observed volume of stock (market) at time . Relative raw volume for stock at time is computed as and relative raw volume for the market at time is computed as . Accordingly, the average abnormal volume for periods, and cumulative return rate, , for each stock is analyzed. Those stocks with combination of high (low) and high (low) are identified as winning (losing) stocks which are experiencing the effect of the bias of disposition effect with the additional condition that the resulting will be negative (positive). The reason for this is that the winning (losing) stocks are sold (bought) at a little bit lower (higher) price than the average by an investor which in turn affects the price downward (upward) as more and more investor do the same, resulting to a negative (positive) . Accordingly, as we want to earn profit, we only consider those over-reaction and disposition effect affected stocks that experiences the effect of positive . Based on historical data and the ODs for both over-reaction and disposition effect, for each stock, we look at the cause, effect, and time-to-effect ( ) pattern. If the likelihood of this pattern to hold over time is significant we consider that specific stock as a B-stock. To check this, let denote the likelihood for stock to hold the pattern, one-proportion is used with a null (alternative) hypothesis of ( ). Each stock are tested for time-to-effect, , if there are multiple found, the smallest value is selected.
B. B-stocks Investment Pool
In this study, after the initial pool of stock from the market, those B-stocks that have significant cause-effect-T pattern are all considered in the Big Pool. Considering category 2 of the BSPO problem which will be discussed on the next sub-section, for each stock in the Big Pool, we spot those stocks that show the cause for the under-reaction and disposition effect b-stocks which are high negative returns and losing stocks, respectively. After the cause is spotted we are confident with probability that the effect will take place days after. Consequently, this B-stock is then considered in the Small Pool.
C. Optimization Model
With the cause-effect--pattern, we can have 2 categories of behavioral stock portfolio selection problem (BSPO). First, we can consider the problem when we know the time epoch (e.g. tomorrow) that effect ( translating to positive returns) will take place, we can maximize our portfolio in such a way that we can exploit the information and buy those stocks today that will have the effect tomorrow. We call this BSPO problem Category 1 which is already presented by Chang et al. (2015) . Second, when we know the time epoch that the cause is spotted, we can maximize our portfolio in such a way that it will exploit the information that we are confident with that after days the effect ( translating to positive returns) will take place. We call this BSPO problem Category 2.
In this study, considering the BSPO problem category 2, after spotting the cause for the over-reaction and disposition effect b-stocks, we know that the effect ( ) would happen after days (time-to-effect) for each b-stock with the corresponding likelihood (probability for the effect to occur) . An investor with this knowledge would desire for a higher over a given because they want to have the highest mean abnormal return in a given day. Intuitively, investors in the end will want to maximize the expected return over days, thus instead of maximizing , is maximized. In reference with the concept of efficient frontier, b-stocks in the small pool are further screened out if it falls below the efficient line to ensure an efficient portfolio as shown in Figure 1 . Furthermore for simplicity and the purpose of preliminary testing, the portfolio selection only allows holding the minimum allowable shares. With consideration of the likelihood-of-effect ( ), SP/A weighting function of return scenarios, and the generic safety-first portfolio selection model, we write our BSPO category 2 model as follows:
Parameters: cumulative return of stock holding days of stock the number of available B-stocks on day return rate of the portfolio tolerance level of loss threshold level for the probability of scenario scenario the likelihood that the effect will occur after days price of stock budget of day a very large number Decision Variables: a binary indicator whether b-stock is considered in the small pool for day . When , no b-stock is being held on day , otherwise a binary indicator whether the b-stock is bought or not; if note that 1 unit of share is1000 shares a binary indicator whether the on scenario . If , the portfolio return fall below the , otherwise
Model:
Subjected to the following constraints (2) 
Eqn. (1) is the objective function that maximizes the total cumulative return over the time-to-effect period. Eqn. (2) is a safety first constraint that determines whether on return scenario . Eqn. (3) is also a safety first constraint that ensures that . Eqn. (4) ensures that the b-stock bought on day is within the small pool. Eqns. (5) and (6) ensures that the b-stock bought is efficient. And eqn. (7) ensures that the portfolio is within the available budget. 
III. EMPIRICAL RESULTS

D. Data Description
From the Taiwan Economic Journal (TEJ), the closing prices and volumes of 888 stocks from the TWSE are obtained. These data are then used to calculate return rates and relative volumes for each stock, which are then screened to determine the big pool by 1 proportion test and the small pool by daily inspection. The collected data is from January 1, 1991 to December 31, 2015. The back-test period is from August 1, 2014 to December 31, 2015 for a total of 352 trading days. The category 2 BSPO model is then applied with the following parameters: cautiously hopeful investor fear and hope levels with reference to Singer (2011), likelihood and time-to-effect linear inequality of , initial capital of NT$5000000, tolerance level ( ) of -2%, and a threshold level for the tolerance level ( ) of 2%. Overall, there are 3 portfolios compared to one another. All portfolios utilize the past 500 days historical data as their return scenarios. The portfolios are as follows:
BSPO denotes the portfolio using the BSPO category 2 model MV denotes the portfolio using the mean-variance portfolio optimization model on the top 30 stocks of TWSE, with equal weights for mean and variance, and a daily budget of NT$5,000,000 M denotes the corresponding daily returns of the TWSE market index
E. Back-Test Results
To evaluate the performances of the portfolios, with the assumption that the consideration of B-stocks would allow BSPO portfolio to outperform the benchmark (MV and M) portfolios, the portfolios are compared with one another. The portfolios' descriptive statistics, risk-adjusted returns, return distributions are first analyzed as shown in Table 1 . The result shows that the BSPO portfolio can outperform the benchmark portfolios over the 352 days back-test period. BSPO portfolio dominates in all comparisons. BSPO portfolio has the highest daily mean return and has a volatility closest to the market as supported by the standard deviation and beta values. In terms of the risk-adjusted returns, BSPO portfolio still dominates the comparison with higher Sharpe and Treynor ratios. Looking at their return distribution the BSPO portfolio has the highest number of positive returns and the lowest number of negative returns. It also has the most instances of positive cumulative return with 192 out of the 352 days, while the MV and M portfolios have 160 and 170 days respectively. Intuitively, the BSPO portfolio also has the fewest instances of negative cumulative returns. It is evident from Table 1 , that BSPO portfolio outperforms both MV and M Portfolio, and that no clear dominance can be seen comparing the MV and M portfolio. Another way to evaluate the performance of the portfolio is to check the daily accumulation of profit/loss. Fig. 2 shows the movement of the accumulated profit/loss over the 352 days of back-test. From the said figure, it is apparent that the movements of the accumulated profit/loss for the MV and M portfolios are very erratic while the movement of the accumulated profit/loss for the BSPO portfolio is consistent. As trading days increase there is accumulation of profit for the BSPO portfolio while the MV and M portfolios have irregular profit/loss.
To evaluate the performances of the portfolios in a more accurate way, Paired-T Tests are applied on the daily difference of each portfolio returns. Since the returns vary but depend on the same particular day, the analysis of daily difference on returns will eliminate the day effects. The alternative hypothesis for the test, , is the average return pair difference is greater than 0. The significant level to accept the alternative hypothesis is 0.1. Note that if the P-value is lower than 0.1, it is confirmed that the average return pair difference is positive with 90% confidence. Conversely, if the P-value is higher than 0.1, we fail to reject the null hypothesis, and that there is not enough evidence to support the alternative hypothesis. Accordingly, the results of the Paired-T Tests are shown in Table II.   TABLE II: PAIRED T-TEST Evidently, Table II shows with strong evidence that BSPO portfolio outperforms both MV and M Portfolios. While there is not enough evidence that MV portfolio outperforms BSPO and M portfolios, and there is also not enough evidence that M portfolio outperforms BSPO and MV portfolios.
IV. CONCLUSION
The proposed behavioral stock portfolio optimization BSPO model utilizes the information of the cause/trigger, the positive effect, the time-to-effect, and the likelihood for the effect to occur. This study takes advantage of the information of knowing the time epoch when a cause/trigger is spotted and we are confident with the corresponding likelihood, , that the stock would have the positive effect to its return after 1-20 days, time-to-effect. The proposed model ensures that the stocks bought satisfies the 0.5; =0.02; linear inequality, which allows the portfolio to maximize the likelihood of the effect to occur at a given time-to-effect. From the back-test, the empirical result is consistent with the initial assumption that the extra information regarding b-stock would allow for a superior portfolio than the benchmarks. The BSPO portfolio shows dominance, stability, and profitability over the mean-variance and market portfolios. This study shows promising result, which can be duplicated by any investor and be considered a new generic way of investment.
This preliminary empirical study provides the following contributions and highlights: (1) the extra information regarding b-stocks is an advantage in investing; (2) the addition of the likelihood of the effect to occur in the weighting function improved the portfolio performance; (3) the flexibility of the model to cater other types of investors; (4) the profitability of the proposed model; and (5) the simplicity of the proposed model for easy duplication.
For future studies, extension can be made to improve the current model. Instead of just limiting the amount of stock that can be bought to the minimum allowable amount, the model can be expanded in such a way that it will allow for more shares but still within the available budget. Determining the best combination for the fear and hope levels to be used in the model is also a good extension, which if determined can be the generic parameters to be used in the proposed investment procedure. Lastly, the right frequency (daily, weekly, monthly, yearly transaction) of the transaction should also be determined to optimize the advantage of the B-stocks.
